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Periodic H, Synthesis for Spacecraft Attitude
Control with Magnetorquers

Rafal Wisniewski* and Jakob Stoustrup®
Aalborg University, DK-9220 Aalborg East, Denmark

A control synthesis for a spacecraft equipped with a set of magnetorquer coils is addressed. The electromagnetic
actuation is particularly attractive for small low-cost spacecraft missions, due to their relatively low price, high
reliability, light weight, and low power consumption. The interaction between the Earth’s magnetic field and
an artificial magnetic field generated by the coils produces a control torque. The magnetic attitude control is
intrinsically periodic due to cyclic variation of the geomagnetic field in orbit. The control performance is specified
by the generalized H; operator norm. A linear matrix inequality-based algorithm is proposed for attitude control
synthesis. Simulation results are provided, showing the prospect of the concept for onboard implementation.

Nomenclature
b = local geomagnetic field vector
1 = identity matrix
imA = image of A
J = moments of inertia tensor
Jy, Jy, J. = moments of inertia about x, y, and z principal axes
kerA = null space of A
I = space of all sequences u such that ||u|| < co
R™>P = all m by p matrices with real entries
S(R"*") = all symmetric n by n matrices with real entries
trA = trace of A
| -] = Euclidean norm
-1l = L, norm
12 = Hpnorm
Z set of all positive integers and zero

1. Introduction

HE tremendous progress in microelectronics in the past two

decades has made small, inexpensive spacecraft missions very
attractive and technologically viable. However, due to reduced allo-
cated mission cost and limited space available in a satellite, onboard
actuators are often very simple. A typical choice is a set of magnetor-
quer coils. The interaction of the geomagnetic field and artificially
generated field in the coils produces a control torque. The attitude
control scheme developed in this paper uses the observation that the
external magnetic field is periodic. Indeed, the time propagation of
the geomagnetic field observed from an Earth-stabilized spacecraft
is a superposition of two periodic motions: orbital and the Earth spin.
If the ratio of the two periods is a rational number, the geomagnetic
field observation is periodic. A concept for attitude control based on
electromagnetic actuation has gained considerable attention lately.
Early work was based on an idea of designing a magnetic controller
for the system with averaged parameters, rather than time varying
parameters. This design strategy was used both for bias momentum
satellites' > and three-axis control.* In recent papers, more sophis-
ticated control schemes were proposed, where not only linear>~ but
also nonlinear control methods'%~!* were studied. In this paper, the
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spacecraft is considered as a discrete linear periodic system and the
H, control synthesis problem is solved. The optimization problem is
formulated in this work by certain linear matrix inequalities (LMI).

Previous studies have shown that periodic systems are similar
to the linear time-invariant ones. The stability, for instance, is de-
termined by the eigenvalues of the transition matrix computed for
one period. Likewise stationary solutions to Lyapunov and Riccati
equations play fundamental roles in the stability analysis. These
similarities are explained by a lift operator that replaces a periodic
system with a time-invariant counterpart. Despite this resemblance,
the control synthesis seems to be less straightforward because a
causal control has to obey a certain Toeplitz structure condition.
Ilustrative of this problem is that the use of standard control de-
sign algorithms for linear-time invariant systems may result in a
noncausal controller for a lifted system.

A broad spectrum of results for periodic systems are available in
the literature. The topics of structural properties, stability, quadratic
optimal control, and their relations to the periodic Lyapunov and
Riccati equations were reported in Refs. 14-18. An impetus for
development was the introduction of the lift operator.'® As the re-
sults known from control theory of linear time-invariant systems
became generalized to periodic systems, the techniques such as pole
placement,? linear quadratic,'> and H,, control?! became available
for periodic systems. Despite the maturity of the field, only recently
has work on robust stability for periodic systems been published.???3
A considerable step forward has been taken in Ref. 24. The authors
related the periodic systems to the LMI technique and solved the
H,, synthesis problem.

The contribution of this study is an LMI formulation of the H,
control synthesis problem. The paper considers a periodic discrete
time system, for which the performance is specified by the gener-
alized H, operator norm.”> The generalized norm is related to the
periodic solution of a certain Lyapunov equation. Then the sufficient
and necessary conditions for solvability of a suboptimal control syn-
thesis problem are formulated. The proof provided in this paper is
similar to the LTI case.?® It is constructive; thereby, it provides an
algorithm for state feedback control synthesis.The result of this pa-
per can be considered as a variation of the H, control synthesis for
linear discrete time-invariant systems?”-?® to periodic processes.

The outcome of this work is an algorithm for state feedback syn-
thesis of a spacecraft on a highly inclined low Earth orbit. It appears
that the complexity of the resulting algorithm is considerable. How-
ever, the computational burden of the control synthesis is in the
oft-line calculation, whereas the onboard algorithm is simple.

To begin, some properties of the periodic systems, as stability,the
notion of the lift operator, and the periodic Lyapunov equation, are
briefly recalled in Sec. II. The system performance is specified by
the H, norm generalized for periodic systems in Sec. III. In the
next step, the periodic control design is converted to a solution of
LMIs. The main result is a formulation of conditions for solvability
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of the periodic H, control. This is the subject of Sec. I'V. The proof,
postponed to the Appendix, is constructive and gives rise to an
algorithm for controller synthesis. The findings are implemented on
a model of a low-Earth-orbit spacecraft in Sec. V and validated in a
simulation study in Sec. VL.

II. Properties of Periodic Systems

It is assumed throughout that full state information is available,
either directly via measurements or by state observation. The argu-
ment for using the latter paradigm is that the separation principle is
valid for periodic systems.?

Consider a discrete signal u = {u(t)}, t € Z,, where u(t) e R".
The space of all sequences u such that

lul = Y u@) u@) < o0

teZy

is denoted by I5'. We shall study a discrete time-linear periodic sys-
tem S, : (L)' ™" — (L))" TP, (w,u) — (z,y) as follows with control
input u, the measurementy, an exogenous input w, and an exogenous
output z. The last two signals are used for performance specifica-
tion, and they need to be neither the actual input nor output to the
system:

x(t + 1) =A0)x () + B ()w() + B, (Du (1)
z() =Ci(Dx(@) + D12 (Du(?)
Y@) =C(0)x(t) + Dy (1)w(t) )]

The functions A : Z, —>R"*". B, : Z, >R"°, B, : Z, —
R"V™ Cy: 2y >R, Cy: Zy —RP" Dy : Z, — R, and
Dy, : Z,— RP* are continuous and N periodic. Recall that a
function A : Z, — R"*" is N periodic if A(t + N) =A(z).

Full state information has been assumed, which gives rise to par-
ticularly simple matrices C, and D,;: C; =1 and D,; =0. It fol-
lows that the state feedback u(¢t) =K(1)x(t),K : Z, — R™" can
be employed. The objective of the control design in this work is
to compute an N-periodic gain K for which the transfer function
Se: L)y = (), wz,

x(t+ 1) =A()x@) + B (1)w(r)
z(t) =Ce(1)x (1) 2

where A, =A + B,K and C. =C, + DK are stable and satisfy a
certain performance specification.

It will be crucial in the next section to establish a relation be-
tween stability of a periodic system and a solution of the periodic
Lyapunov equation. The following theorem states sufficient and nec-
essary conditions for a periodic system to be stable!”:

Theorem 1: A system A (t) is stable if and only if, for any periodic
R(zr) suchthat (A(¢), R(z)) is detectable there exists a symmetric, pe-
riodic, positive semidefinite solution Q(t) of the following periodic
Lyapunov equation:

0t —1D)=A0"QMA®) +R(®)"R(), teZ (3)

When exponentially stable A is assumed, the solution to Eq. (3) is
bounded and given by the following formula®:

oo

o) = Z O, t+ DR RGP, t+1) C)

j=1+1

where ®(t, 1) is the state transition matrix at sample ¢ with the
initial time fo, that is, ® (7, 10) =A(¢ — DAt — 2), ..., A(t).

The last topic addressed in this section is a lift operator.' It is an
isomorphism that takes a linear periodic system into a time-invariant
counterpart. It suffices in this work to leave out the development;
it is derived explicitly by listing all of the outputs of an N-periodic

system at time instances ¢ to t + N — 1. Particularly, for the system
S, in Eq. (2) one has

x(t + N)=Ax@t) + Biw(t) + Bow(t + 1) + - -+
+Byw(t+N—-1)

y()=Cyx(1)
Yt +i)=Cyn_ix(t)+Di g1 1w) +-+D; 1 wt+i—1)

y(t+N—-1)=Cx(t) + Dy w(t)+---+Dyy_w(t+ N —2)
(5)
where
A=®¢+N,)=A.t+N—-1),...,A.()
Bi(t)=®(t+N,t+kB,t+k—1)
Ci()=C.t+N—-k)®@ + N —k, 1)
D i()=C.t +k—D®t+k—1,t+ Bt +j—1)

Notice that the matrix A is the monodromy matrix of the Floquet
theory (see Ref. 16). The monodromy matrix is time independent,
and its eigenvalues in the open unit disk determine the stability of
the system.

The result of gathering all of the inputs w(z), ..., w(+ N —1)
into an input vector £(f) and all of the outputs into a single
output vector 1 (¢) is the following time-invariant system S, :
LN = Ly, €1,

x(t + N)=Ax(t) + BE(D)

(1) =Cx(1) + DE(1) (6)
where
Cy
- _ Cyn_:
B=[B, B, By.l,
G
[ o 0 0 0]
Dy, 0
D= :
Dy_1, Dy_in-» 0
DN,l DN,Z DN,N—I O

We shall call the system S. the lift of ..

III. Performance Specification

The H, operator norm for a discrete, time-invariant, stable, causal
system R : (H,)" — (H,)" is defined’! by

Tt _ :
IRIll2 = (2—tr/ R(e”)R*(e”)dr) 7
T =

where tr stands for the trace of a matrix. Equivalently by Parseval’s
relation between the time and frequency domains, the H, operator
norm is

i=1

IRIz=1lrl> = |:Z|Ir3(l)€i||2] (¢
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wherer : (I,)™ — (I)? and ¢; is the standard basis of the input space
R™; thus, 8e; is the impulse applied to the ith input. To illustrate
definition (8), we shall compute the H, norm for the system S..
Notice that S, is the lift of S/, thus, it is time invariant,

ISl =tr Y B"(A") C"CA'B + DD ©)

i€Zy

The preceding definition indicates that the H, norm is characterized
by the /, norm of the impulse response; on the other hand, the
response of a periodic system is dependent on the time when the
impulse signal is initiated. Following Ref. 25, a generalized H,
norm for the periodic system S, is an integration of Eq. (8) within
one period:

N—-1 m

1 2
1Sell2 = [ﬁ DO s - j)eknz] (10)

j=0k=1

The definition in Eq. (10) corresponds to the standard H, norm if
the system S, were time invariant. Observe also that the /; norm in
Eq. (10) can be written as

IS8t = jexll = 158 (1)ex 55l an

where s is the number of inputs to the periodic system S.. Thus,
the H, norm for a periodic system is equivalent to 1/,/N of the H,
norm of its lift.

When Egs. (9-10) are used, the generalized H, norm for the
system S, takes the following form:

B, (0)T®(N, DT

IV. Control Synthesis

The objective of the design is to find a controller such that the
closed-loop system has the generalized H, norm smaller than some
possibly small constant y. In other words, we want to compute a
periodic control K such that the system S, satisfies

1Sell2 < ¥ 16)

This paradigm is traditionally called the suboptimal control prob-
lem. Note that it is different from the optimal design, which finds
the control with the smallest possible norm. A closed-loop system
satisfying inequality (16) and being (A., C.) detectable is stable by
Theorem 1.

The next challenge is to determine the prerequisites for solvability
of the suboptimal H, problem. The immediate one is stabilizability
of (A, B,). The next theorem states necessary and sufficient condi-
tions for H, suboptimal problem by a number of LMIs.

Theorem 2: Consider a periodic discrete time system S, for
which (A, B,) is stabilizable. The suboptimal H, problem (16)
is solvable if and only if there exists an N-periodic function
Q: Z,— S(R"™") and N-periodic function Z : Z, — R"* such
thatforallt =1, ..., N the following LMIs are satisfied:

[Wi()"A@) + W (1) C1(1)]Q = D[A®) W1 (1) + C1 (1) Wa(1)]

WO QOW, (1) — Wat) Wi(t) < 0 (17)
0 B
[Bl(r)T Z(z)] =0 (18)

LT I B BI(D"®(N,2)" | & T
I18cllo= =Sl = ﬁtr;& R ' (N,0)[®(N—1,00"C.(N - 1) &N —2,0"C.(N—-2)" C.(0)]
B\(N -1
C.(N—1)®(N —1,0) 3
x |CN=2RIN=2.00 | (5, 0)[®(N, 1)B,(0) ®(N,2)B,(1) B(N -1 (12)

C.0)

where ®(j,k)=A.(j — 1),...,A.(k+ 1)A.(k). When the terms
containing matrix B, (-) are grouped, Eq. (12) is simplified to the
following form:

1 N-—1
ISl = (ﬁtrZBm’
t=0

o=

x[ > <I>(j,t+1)ch(j)TCr(j)<I>(j,z+1>]31(z))

j=t+1
13)

The expression in the brackets is, by (4), the solution of the following
Lyapunov equation

Q1 — D =A.("QWA(1) + Cc() Ce(0) (14)

hence, the H, operator norm can be written

o=

1 N-1
ISell2 = [ﬁtr;Bl(t)TQ(t)Bl(t)} s)

where Q : Z, — S(R"*") is the periodic solution of Eq. (14).

Here in after, Eq. (15) will be regarded as an equivalent definition
of the H, operator norm. It will be applied to express the desired
performance of a controller.

N-—1
tr|: sz} < Ny? (19)

W)
m
Wa (1)

:| :ker[Bz(t)T D12(1)T]

For clarity, the proof of Theorem 2 will be deferred to the Appendix.
In the proof, the H, control synthesis is decomposed into a feasibility
problem consisting of finding Q and Z meeting the inequalities (17—
19) and a problem of finding a periodic control gain K satisfying
the following LMI forallz =1, ..., N,

—0() A1) 0
AOT -0t —1) " | +[B)" 0 Du)’] K@)
0 C (1) —I

x[0 I 0]+[0 I O0"K®)'[Bx(t)” 0 Dip('] <0
(20)

The proof of Theorem 2 is constructive and leads to the following
design algorithm.

Algorithm:

1) For each r=1,..., N find a symmetric matrix Q(¢) and a
matrix Z(t) satisfying LMIs (17-19).
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2) Foreacht =1, ..., N compute a matrix K(¢), which satisfies
LMI (20).

This algorithm will be used in Sec. V for the periodic state feed-
back synthesis.

Remark: A time-invariant control gain is often desirable for a
simple onboard implementation of the attitude control system. In
this case, a periodic function K : Z, — R™*" in step 2 is treated
as constant, K € R™*". The resulting control is stable; however, the
matrix K does not correspond in general to the optimal solution.

This remark sounds innocent: however, it has an impact on ap-
plication in magnetic control. It gives an algorithm for automatic
design of a constant gain magnetic control discussed in Refs. 2—4.

This section is concluded by giving a hint on a choice of the weight
matrices Cy, Dy,, and B;. Equation (1) shows that the matrix B,
specifies the channel and the amplitude of the external disturbances.
Unfortunately the remaining two matrices, C; and D,,, have less
apparent physical meaning. Their significance can be explained by
examining the /;, norm of the output z of the system S, in Eq. (1),

llzl|* = ZX(t)Tcl(t)TC’l(t)X(t) +u(®)' D@ Di(tu(r)

t=0

+2x(0)"C, (1) D1a(u(t) 21

It follows from Eq. (21) that, similarly to standard linear quadratic
control, the matrix function C; places the weighting on the state,
whereas D, sets the focus on the control.

V. Magnetically Actuated Spacecraft

The objective of this section is to synthesize a three-axis attitude
controller of a spacecraft in a low, highly inclined Earth orbit. The
spacecraft is actuated by three mutually perpendicular electromag-
netic coils. The interaction between the geomagnetic field and the
magnetic field in the coils produces the control torque.

The satellite considered in this study is modeled as a rigid body
in the Earth gravitational field influenced by the control torque
generated by the magnetorquers. The orientation of the spacecraft
principal coordinate system is related to the local-vertical-local-
horizontal (LVLH) frame. The LVLH is a right orthogonal coordi-
nate system with the origin at the spacecraft’s center of mass. The z
axis (local vertical) is parallel to the radius vector and points from
the spacecraft center of mass to the center of the Earth. The positive
y axis is pointed in the direction of the negative angular momen-
tum vector of the orbit. The x axis (local horizontal) completes the
right orthogonal coordinate system. The attitude is globally param-
eterized by the unit quaternion.’>* It is often advantageous for the
attitude control synthesis to use a geometrical interpretation of a
unit quaternion as a three-sphere S° = {g e R* : ¢"g=1}.

The control torque N of the magnetically actuated satellite al-
ways lies perpendicular to the geomagnetic field vector b. Further-
more, a magnetic moment m generated in the direction parallel to
the local geomagnetic field has no influence on the satellite motion.
This can be explained by the following equality:

thrl:(m”‘“mL)Xb:mLXb (22)

where m, is the component of the magnetic moment parallel to
b, whereas m is perpendicular to the local geomagnetic field. In
conclusion, the necessary condition for power optimality of a control
law is that the magnetic moment lies on a plane perpendicular to the
geomagnetic field vector.

Consider the following mapping:

m—m:m=i xb/|b? (23)

A new control signal for the satellite is denoted by m. Now, the mag-
netic moment m is exactly perpendicular to the local geomagnetic
field vector, and the control theory for a system with unconstrained
input m can be applied. The direction of the vector m (contrary to
m) can be chosen arbitrarily by the controller.

The continuous time-linear model of the satellite motion is given
in terms of the angular velocity of the spacecraft relative to the

LVLH and the vector part of the attitude quaternion. The vector part
of the quaternion ¢ = [qo, g1, g2, q3]7 € S*is 6§ =1[q1 ¢2 ¢3]". The
components of 6¢ can be considered as the coordinates in the local
chart ¢ : U— R?, g+ 8§ of the open set U={g e S : gy >0}
onto the open ball {5 € R® : 64764 < 1}. The continuous time
state-space model of a low Earth orbit spacecraft® is

d o =A o9 + B, (1) (24)
a | 6| =7 g ssm
where
r 0 0 —ow, 6wo, 0 0 7
0 0 0 0 6020, 0
w,0, 0 0 0 0 0
A=l 1 o o 0 0
2 —W,
o 1 0 0 0 0
L 0 0 ! , 0 0
J, = J. — J, Jo—J,
oy = s o, = s o, =
Ji ’ Jy ) J
B(t)=
irl-wﬁn—@a) by (1)by (1) b ()b (1) ]
W bx([)by(z) _bx(z)z _bz(z)z by(t)bz(l)
by (t)b.(1) by ()b_(t) —by(1)? = by (1)?
00 0
00 0
i 000 ]

and where w, is the orbital rate and J,, J,, and J, are mean compo-
nents on the diagonal of the inertia tensor J, the principal moments
of inertia. The matrix B,(¢) comes from the double cross product
operation —b(t) x (b(t) x). The upper left 3 by 3 submatrix of A; is
due to Euler coupling, the submatrix in the upper right corner arises
from the gravity gradient, and the lower part of the matrix A is the
linearized kinematics. Note that the orbit coordinate system used in
Ref. 8 differs from LVLH employed in this paper. The y and z axes
are reversed in direction. Therefore, there is a sign discrepancy in
matrix A, when Eq. (24) is compared with the previous model.?

VI. Simulation Results

To make a comparison with one of the authors’ earlier results on
the magnetic attitude control,® the same spacecraft has been chosen
for simulation. It corresponds to the Danishgrsted satellite launched
in February 1999. The main body measures 0.34 by 0.45 by 0.72 m
and is endowed with an 8-m-long instrument boom. The spacecraft
is equipped with three mutually perpendicular coils producing up
to 20 A -m?. Additionally, it has a flux-gate magnetometer and a
star camera for attitude determination. The moments of inertia used
in the simulation study are 177.8 and 178.0 kg - m? and 1.3 kg - m?
along the boom axis. The spacecraft is in 650 by 800 km elliptic
orbit with an inclination of 96 deg. The spacecraft orbit is predicted
by the SGP-4 (Simplified General Perturbations, Version 4), orbital
model, and the magnetic field is simulated using a sixth-order IGRF
(International Geomagnetic Reference Field) model.

The algorithm has been implemented in the MATLAB® LMI tool-
box. Because the geomagnetic field is only approximately periodic,
a periodic counterpart of the magnetic field of the Earth has been
calculated® (Fig. 1).

The gain has been computed off-line and parameterized by the
mean anomaly. The concept of synchronization is the same as for
the periodic optimal contol.® The control gain is updated every 60,
whereas the sampling time of the state is 10.

The rules for choosing the system matrices B;, C;, and D, in the
algorithm are as outlined at the end of Sec. IV. The ratio between
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Orbits

b) Averaged geomagnetic field (tesla)

Orbits

Fig. 1 Geomagnetic field and its average in LVLH.

a) Normalized Earth magnetic field vector
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b) Roll-to-roll gain

Fig. 2 For single orbit, (1, 4) entry of gain matrix K(#); roll-to-roll gain increase in polar regions.

B, and C| corresponds to proportion the of the disturbances to the
desired accuracy in the state. Because the disturbance torque is ex-
pected not to exceed 10~* N - m, the angular velocity will be below
1073 rad/s and the attitude less than 1072 rad, the H, performance
is specified by the following matrices:

5 _ [001 c [T o o1 25
S O "o ourl|’ 2=l

The preceding weight matrices are spelled out with the accu-
racy of an order of magnitude. Their fine tuning, similar to
the techniques employed in linear quadratic regulator design, is
still possible. The eigenvalues of the monodromy matrix'® are
(—0.17,0.12, —0.014, 0.014, 0.00, 0.00), which indicates stability
of the closed-loop system.

The resultant control gain is shown in Fig. 2. Itis seen that near the
polar zones, where the z component of the geomagnetic field vector
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Fig. 3 Periodic H, control of the @rsted satellite influenced by the aerodynamic drag; initial attitude 10 deg pitch, —15 deg roll, and —30 deg yaw.
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Fig. 4 Moments of inertia altered 22 % j; interval between fourth and sixth orbit show signs of instability.

reaches extremals, the periodic roll-to-roll gain K(1, 4) increases as
expected.

A performance test for the H, attitude controller is shown in
Fig. 3. The initial values for the simulation correspond to Ref. 8:
Pitch is 10 deg, roll —15 deg, and yaw —30 deg. It is seen that the
steady-state error of roll and yaw is less than 1 deg. Pitch is more
difficult to control due to influence of the aerodynamic drag in this
direction. It is kept on a level below 3 deg. This gives comparable
results with the infinite and finite horizon control.®

There were no concerns regarding robustness in the development
of the periodic H, control in Sec. IV. However, it is known from the

time-invariant case’* that the H, control method possesses intrinsic
robustness properties. Figure 4 shows them; the moments of inertia
are changed 22%. The steady-state accuracy of the attitude is below
10 deg. However, between the fourth and sixth orbit some signs of
instability are already visible.

The simulation study has givenrise to an observation that the com-
putational burden of the suggested method is considerable. In the
example above 2.8 x 10° floating point operations were used to com-
pute the control gain. However, this is slightly less than 3.4 x 10°
floating points operations used by the infinite and the finite hori-
zon control. The onboard implementation is relatively simple; at
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each sampling time, it calculates a product of the magnetic field, the
periodic gain K(¢), and the state,

(26)

5Q
m(t)zK([)[ (t)]>< b@)

6q(0) @)

VII. Conclusions

This paper addressed the generalized H, suboptimal control syn-
thesis for a magnetically actuated spacecraft. First, a relation be-
tween H, performance specification and the solution to a certain
periodic Lyapunov equation were developed. Then, the necessary
and sufficient conditions for solvability of the periodic H, control
synthesis problem were formulated. The main contribution of the
work is the design algorithm formulated as a set of LMI. The al-
gorithm was implemented for the three-axis attitude control of the
Orsted spacecraft. The simulation study showed that the perfor-
mance of the H, controller was similar to the periodic infinite and
finite horizon controls.

Appendix: Proof of Theorem 2

The foremost component of the proof of Theorem 2 is the pro-
jection lemma.?®

Lemma 1 (projection lemma): For arbitrary matrices ¥, and ¥,
and a symmetric P, the LMI

U'X¥, + U/ X¥, +P <0 (A1)
is solvable if and only if
WI'PW, <0, W/ PW, <0 (A2)
where W,, and W, are any matrices with columns forming bases for
the null spaces of ¥, and ¥,,.

Proof of Theorem 1: From Eq. (15), the statement ||s.|[» <y is
equivalent to

N-1
Y B Q7 OBi(1) < Ny (A3)
=0
where Q is N periodic and satisfies the inequality
Q' =1 —AM'Q A1) = Cc()'Co(t) >0 (A4)

but Eq. (A3) is equivalent to
N-—-1
tr Z Z(t) | < Ny? (AS)
t=0

where Z(t) is a solution of the following LMI:
B()' Q7' B(t) <Z (A6)

The result of applying the Schur complement (see Ref. 28) on
Eq. (A6) is the LMI (18).

The next step is to use the Schur complement twice in Eq. (A4),
which gives two equivalent forms,

-l _ T -1 T
[ 't —D+AO"'Q'MOAD) C.(n) <0 (A7
C.(1) -1 |

¢
—0(1) A1) 0 7
A" —07'¢—1) C()" | <0 (A8)
0 C.(t) -1 |

For the control synthesis, Eq. (A8) is grouped into two terms: de-
pendent on K(¢) and on Q(t),

—Q(@) A() 0
A" -0t GO
0 Ci(1) -1

+[B:)" 0 D] K@®[0 1 0]

+[0 I OK®'[B2)" 0 Du®)'] <0 (A9)

but the structure of Eq. (A9) corresponds to Eq. (Al); thus the
LMI (A9) is solvable if and only if

[—0(@) A1) 0
W, [ADOT -0t —1) Ci()" [W, (1) <0 (A10)
0 Ci(1) -1 |
—Q) A1) 0
W' | AT -0t —1) Ci®OT | W) <0 (All)
0 Ci(1) -1
where
Wit) O I 0
W, ()= 0 I W,t)=1(0 O (A12)
Wa(t) O 0 I

The LMI (A11) is always fulfilled, whereas Eq. (A10) is equivalent
to

[—Wn OTQOWi(1) = Wa () Wa(t) Wi(D'A + Wz(l)Tcl(t)]
ADTW (1) + Ci () Wa (1) -07't—-1
<0 (A13)

‘When the Schur complement is applied to Eq. (A13), the LMI (17)
is the result.
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